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SECTION A

C. X =27.15mm, y = 58.46 mm
[2 marks]
SOLUTION 1

Splitting the section into convenient, rectangular sections,

o g+ -
y 25
| e
'b 10
100 C: x
——u |
|
y
Aot b A

Total area,

A= (12 x 100), + (88 x 10), = 2080 mm*

Taking moments about AA:

(12 x 100 x 50), + (88 X 10 x 70),,
2080

)_/:
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»y =58.46 mm

Similarly, taking moments about BB:

(100 x 12 X 6), + (10 X 88 X 56);,

X =

2080
~xX=27.15mm
2.
B. 507,692.32 mm*
[2 marks]
SOLUTION 2
Ity = (Iuy + Aab)_+ (Ixy + Aab),_
= (0412 x 100 x (27.15 — 6) x (58.46 — 50)) + (0 + 88 x 10 X (27.15 — 56) X (58.46 — 70))
=507,692.32 mm*
3.
D. =2 (L4228 onR?)
[2 marks]
SOLUTION 3

Deflection, up, at the position of and in the direction of applied load, P, is:

U
Ur=5p
0 P_3 £+M+2 RZ +Q_2(£+M)
EI\a7 12 T ET\37 8
.'.upz ap
_3p? L+31TL3R+2 X2
“El\2" 12 T
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4.
_ 20 (L, 3mR
A. Ue =% (3 T )
[2 marks]
SOLUTION 4
Deflection, ug, at the position of and in the direction of dummy load, Q, is:
ou
0 P_3 £+M+2 R? +Q_2(£+@)
EI\#7 12 T ET\37 78
oo u’Q = aP
_ 2Q /L N 3nR
~EI (3 8 )
5.
d?y
A. El—=M
dx?
[2 marks]
6.
E. Increases the load required to cause buckling
[2 marks]
SOLUTION 6

All buckling load equations have length, L, on the bottom of the equation. Therefore, increasing the length of the
beam reduces the load required to cause buckling. An example, for a hinged-hinged beam, is shown below.
m2El
P —

c LZ
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7.
D. C1-ID g, = 0, C1-OD g, = —p, C2-ID 6, = —p, C2-OD 0, = 0
[2 marks]
8.
E. 14.6 MPa
[2 marks]
SOLUTION 8
Second moment of Area:
- 100 x 1003 5 ><40 x 603 _ 6.83 x 10° mm*
12 12
SB 50000 x 100
Tmax = E(D +d) = m(wo + 60) = 14.6 MPa
9.
B. 21.4 MPa
[2 marks]
SOLUTION 9

The maximum shear stress at the N.A. given by:

_ SAy 12x15000 X (17.5 x 30) x 8.75

=21.4 MP
1= 30 x 353 x 30 !
10.
B g[ 1.667 —1.667
D. [ker] = 2.52 10 [—1,667 1.667
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[2 marks]
SOLUTION 10
Tk -k
AXE 12x1073x210x 10° 8 8
= = =4.2%x10°(=2.52x10° X 1.667)
L 0.6
11.
B. 44 mm
[2 marks]
SOLUTION 11

For a shaft under pure torque, the Mohr’s circle is centred on the origin and g; and o3 will be the same magnitude
and will also be the maximum allowable shear stress, therefore according to the Tresca yield criterion:

Tmax = (0-1 _03)/2 = Gy/z =R

or
315
T = Tmax — 157.5 MPa
Tr 2T
1575 x 10 = — = —
J @3
_ 3 2x21000 0,044 — 44
"= 1575 x 1067 o r . rmm
12.
C. 86.5 mm
[2 marks]
SOLUTION 12
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K; = 1.850Vma
3
« K, = 185X 2 0y [macy (1)
where
K., = 170 MPaym
and

oy = 235 MPa

Substituting these values for K;__and g, into (1) gives:

3
170 = 1.85 X 2 x 235 X /ma,,

2

170 1
Qg =| ———— | x==0.0865m = 86.5 mm

1.85 x%x 235 T

13.
A. More conservative than linear hardening
[2 marks]
14.
B. 120.7 MPa
[2 marks]
SOLUTION 14

Given o, = 125 MPa, o, = 50 MPa and 7,,, = 30 MPa:

_ax+ay_125+50

= 87.5 MP
2 2 a

C

and
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2
_ Ox — Oy\?2 » _ [(125—-50 y
R—\/( . ) H”_J(T) +30% = 48.0 MPa

Therefore,

oy = C+ R =135.5MPa

o, =C— R = 39.5 MPa

Opm = \/012 — 0105 + 022 = \/135.52 —135.5 x 39.5 + 39.52 = 120.7 MPa
15.
E. 510.8 MPa
[2 marks]

SOLUTION 15

Torsional shear stress:

Tr 32x750x15X 1073

= = = 141.5 MP
=7 7% (30 x 10-3)4 a
Axial stress:
My 64x1250x15x 1073 4716 MP

% = T T T I x(B0x10-3)F /oM

Centre given by:
c=Ja_ 4716 _ 235.8 MP
T T T Teowoiiie

Radius is given by:

2
R= (%) +172 =/235.82 + 141.52 = 275 MPa
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Max principal stress given by:

0, =C+R=2358+275=>510.8 MPa

16.
C. 0.013 x 10™*
[2 marks]
SOLUTION 16
B
gy = A - T'_Z
Jg = A+ ")
atr =20 (ID), o, = —14.5 therefore:
145=A 5
202

—14.5=A—0.0025B

atr =50 (0D), g, = —5.0 therefore:

-5=A—-4%x10"*B

therefore:
B = 4523.8

A =-3.1905
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Hoop stress at the OD is given by:

4523.8

2500 —1.38 MPa

0p = —3.1905 +

The strain is given by:

g9 =7 (09 —vo,) = (-1.38—0.33 x —5) = 1.3 x 107 = 0.0130 x 10~*

208 x 103
17.
C. R-ratio should be decreased
[2 marks]
18.
A. (i)x=0,y=0,(ii)x=L,y=0&(iii)x=L,j—i=0
[2 marks]
19.
E. 252.6 mm
[2 marks]
SOLUTION 19

2" moment of area of a solid circular cross-section:
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Substituting in the minimum required 2" moment of area:

4164 % 200,000,000
Dpin = - = 252.6 mm

20.
D. 47.7 mm
[2 marks]
SOLUTION 20
von Mises yield criteria for a plane stress case

of — 010y + 07 = o

For a shaft under pure torque, the Mohr’s circle is centred on the origin and g4 and g, will be the same magnitude,
k, and also be the maximum allowable shear stress, therefore

3k* = of
And the value of k will therefore be
oy _275x10° 158.77 x 106 P
=—==———=15877x a
V3 V3
Therefore
Tr 2T
T=15877%x10° = — = —
J mrs

Rearranging
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3 2 x 27,000

"= 15877 x 106 x 1«
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SECTION B

21.

(a)

Stress distribution
through the beam
cross section

Cross section of
the beam

Variation of stress with y:
¢ For120<y < 80,0 =0y,
* For80<y<a,0=oay,
%8
. Fora<y<—a,cr=7y
* For-a<y<-80,0=-agy,
. For—120<y<—80,a=0yA

[3 marks]
Moment equilibrium
(Balance the moments due to stresses in the elastic and plastic regions with the applied moment)
M= J yodA = J yabdy
A y
[1 mark]
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Due to the symmetry of the stress distribution above and below the Y-Y axis, and substituting in the elastic and
plastic terms for g, this can be rewritten as:

a 80 120
o.
M=2 Jy%ybdy+J yay,bdy + J yoy bdy
0 a 80
[2 marks]
a 80 120
Iya [ .2
=2b P yedy +ay, | ydy + oy, ydy
0 a 80
80 120
ay, [v*]" y? y?
SO Y ey
{ a |3 0 412 a Bl2 80
= op (%24 043y + P4 802 — 42) + 2B (1202 — 802
_2b{3a (a®) + 72 (802 — a?) + =22 (120% — 80 )}
o, a®
— YA
=2b {32000'yA + 40000y, — 6 }
[2 marks]
3 M
La= a<%006“ + 80000y, — E)
[2 marks]
= 69.96 mm
[2 marks]
(b)
Assuming unloading to be entirely elastic. Beam bending equation:
M g (_ E)
I y\U R
AM Ao
e "
[1 mark]
I = bd® _ 180 240° = 207,360,000 2
“\12 )77 1z T AonTEmm
[1 mark]

Max change in stress (Ag) will occur at y = 4120 mm (furthest perpendicular distance from the Y-Y axis):
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Al = AM X 0 _ —M X Y ax _ —540,000,000 x +120
max I I 207,360,000
= F312.5 MPa

aty = 120 mm, - Acg,,, = —312.5 MPa

and aty = —120 mm, .- Acgl,, = 312.5 MPa

Therefore, the stress distribution after unloading can be calculated as:

University of

Nottingham

UK | CHINA | MALAYSIA

[2 marks]

0 o o P = oo

6096 Ll Nags219

oo [=teo | e
—200 312.5

Loading stress
distribution

(Elastic) unloading
stress distribution

Interpolation of (elastic) unloading line:

Aty =120 mm, 0 = —312.5 MPa

y=mo+c
~ 120 = mx—-3125+0
~m = —0.384

Aty = 80 mm, 80 = —0.384x¢c
~ 0 =—208.33 MPa

Aty = 69.96 mm, 69.96 = —0.384X0
+ o0 =—182.19 MPa

Residual stress
distribution

[3 marks]

The largest residual stress magnitude is 112.5 MPa, so reverse yielding does not occur, as this is below yield of the

materials, and so the assumption of purely elastic unloading is reasonable.
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22.

Drawing a free body diagram of the beam:

L/4 L/4 L/2
[2 marks]
Taking vertical equilibrium:
L .
RA + RD = q_ (I)
2
Taking moments about position D:
qL?
? + MO = RAL
qL. M, .
“R,=—+— i
478 L ()
[1 mark]
Substituting this into equation (i) gives:
qL. M, qL
—+—+4+Rp =—
)
R qL. qL M, 3qL M,
P72 8 L 8 L
[1 mark]
Take origin from right hand side and sectioning the beam after the last discontinuity:
M
A /?B Cnmgwxl TD
| | |
| Ml
T
| | | |
ey |
I x !
| |
[3 marks]

Taking moments about the section position (remembering to use Macaulay brackets where needed) gives:
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L
CI(X—Q)Z L,
T'FMO(X—Z) :RAX
L
q(x—3) L,
M= A X — > _Mo(x_z>

Integrating gives:

Integrating again gives:

L L
g1 _ Ryx? q{x—3)* Mo (X—z)2+A B
Y=7% 24 2 X

Boundary conditions:

(BC1) Atx =0,y =0, therefore from (iv):

(BC2) Atx =L,y=0,therefore from (iv):

ql> 9M,L R,L?

A=3mt 3 6

Substituting this into (iii) and (iv) gives:

L
dy 1(ql® qlx—3)° N Ryx? R,L LMol (
dx  EI\ 384 6 2 6 32 0¥
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[2 marks]

[1 mark]

(iii)

[1 mark]

(iv)

[1 mark]

[1 mark]

[1 mark]

(v)
[1 mark]
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and,

Y = E1\ 382" 24 6 6

At position B, x = %, therefore this and (ii) into (v) and (vi):

dy 1 (7MyL 11qL3
dx EI\ 48 768

and,

1 <M0L2 13qL4>

Y=EI\"32 ~ 3072

At position C, x = %, therefore this and (ii) into (v) and (vi):

" EI\384 ' 96

dy 1 qL3+M0L
dx  EI

and,

1 <3M0L2 5qL4>

Y=EI\" 624 768
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1 (qL? _CI(X—Q)4+RAx3_RAL2x+9M0Lx_Mo(X—Z)2

2
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(vi)

[1 mark]

[1 mark]

[1 mark]

[1 mark]

[1 mark]
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23.
(a)

Ototal = Othermat + Omech =0

therefore:

0 = LadT + -E
=LAl T

rearranging:
F = —aATAE = —11 x 107° x 55 X m((80 x 1073)% — (60 x 1073)?) x 208 x 10° = —1.1069 x 10° N

F —1.1069 x 10°

= _ = = —1.2584 x 108Pa = —125.8 MP
4" 7080 X 10-3)2 — (60 x 10-3)2) 4 a

[2 marks]

(b)

As before:
6total = 6thermal + 8mech =0
where:
5 _ FL
mech — AE

However, for a small slice of the bar having a length dx, if allowed to expand freely:

d(6r) = (aAT)dx

where:
AT_55x
L
gives:
o= [ a(Eac=e (29
= a|l—|dx =« — ) dx
! 0 L o \ L
or:
s o357\ 55L
=\ )|, T2
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therefore:

0 55L N FL
“YT TaE
and
_ 55AF
which gives:
_ 55AF

55 x ((80 x 1073)2 — (60 x 10~3)2) x 208 x 10°

=—11x107% x
2

= —5.5347 x 10° N

Therefore, the stress in the bar can be determined as:

F —5.5347 x 10° N

=—_ = = —6.2920 X 107Pa = —62.92 MP
4~ 7080 X 10-3)% — (60 x 10-3)2) a a

[8 marks]

(c)
BCs,

at r=60 mm, g,, = —12 MPa

12=A4 B
B 3600
atr=80 mm, g, = —2.5 MPa
25=A4 B
o 6400
giving:
= B 12
"~ 3600
and
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9.5 =B (L - L)
3600 6400
5 28B
230400

Therefore:

B =78171
and

A=97
Therefore:
78171

To(roy = A+— =97+ =21.91 MPa

802

As the stresses are aligned with the principal directions:
ooy = (01 — 02)* + (02 — 03)% + (03 — 01)% = (0, — 6,) + (0, — 9g)? + (09 — 0,)?
o,u = 88.98 MPa

[10 marks]
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